ARMA manuscript No. 

(will be inserted by the editor) 



Uniqueness of the particle trajectories of the 
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Abstract 

We address the problem of the uniqueness of the particle trajectories cor- 
responding to a weak solution of the two-dimensional Navier-Stokes equa- 
tions with square integrable initial condition and regular enough forcing 
function. In order to do this we obtain an estimate for i/'^/^-norm of the 
weak solutions of the Navier-Stokes equations and show that i|jZ?'^/^u|j is 
bounded which provides a bound on the time derivative of the correspond- 
ing trajectories near the initial time. This, combined with an appropriate 
log-Lipschitz bound on the velocity field, gives the uniqueness. We also show 
that the same approach can be used to prove the uniqueness of the trajec- 
tories corresponding to the local strong solutions of the three-dimensional 
Navier-Stokes equations when the _ff^/^-norm of the initial condition is fi- 
nite. 

1. Introduction 

We consider the incompressible Navier-Stokes equations 

dtu - vAu + (u.V)u + Vp = /, (1) 
V • u = 

with 0) = U[){x) and in a periodic domain fi = [0, LY , d = 2, 3, where u 
is the velocity field, v the kinematic viscosity (a given constant), p the pres- 
sure scalar field and / the external forcing function. For a two-dimensional 
domain, it is known that for a given divergence-free square integrable initial 
condition uq and sufhciently regular forcing function / a unique global weak 
solution u exists (Leray 1934, Ladyzhenskaya 1969). The main purpose of 
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this paper is to show the uniqueness of the fluid particle trajectories cor- 
responding to such a weak solution of the two-dimensional Navier-Stokes 
equations. 

For a periodic domain J? C K*^, we let M' be the space of periodic, 
divergence-free and smooth vector-valued functions on fl with zero aver- 
age, and define 

H = closure of .^e in [^^(l?)]'', 
V = closure of Jf' in {H^{n)X\ 

We denote the L^-norm on iJ by || • ||, and the norm on any other normed 
space X by II • ||x- 

The Navier-Stokes equations can be written in the following functional 
evolution form (Constantin and Foias 1988, Robinson 2001, Tcmam 2001) 

dii 

— -I- vAu + B{u, u) = /, with u(0) uo (2) 

where A — —HA is the Stokes operator, and B{u,u) — n{u.V)u with 77 
the orthogonal projection from onto H . 

If a solution u of the equations ([2]) is given, then the trajectory of a 
particle of fluid, initially at a G i7, is the solution of the following set of 
ordinary differential equations: 

=u(X(i),t), with X(0) = a. (3) 

dt 

For a two-dimensional domain, when uq ^ H and / G L^{0, T; H~^{S1)), 
equations (1) have a unique weak solution u G L°°{Q,T\H) n L^(0,r;y) 
(Leray 1934, Temam 2001). For such a weak solution u, it follows from the 
Sobolev embedding theorem and Lemma [2] of Section [3] that 

\Ht)\\L^(n) < c\\u\\Hi+^(f2) e L\0,T) 

for some a > 0. Therefore there exits a continuous solution, X{t), of the dif- 
ferential system ([3]) for i G [0, (3] with < (3 <T (Coddington and Levinson 
1955). For the periodic domain SI, it is obvious that X{t) G f2 for t G M>o 
and therefore f3 = T. 

It is known (Diperna and Lions 1989, Bahouri and Chemin 1994, Des- 
jardin 1997) that if one flxes X{s) at some positive time s, the particle 
trajectory X{t) : [s,T] fi is unique since u{t) becomes regular enough 
for t>Q. However, considering the differential system ^ which has X fixed 
only at t = 0, the issue is the possibility of non-uniqueness just after t — Q. 
We will prove that this can be circumvented and the solution of equations 
([3]) is indeed unique. 

We first show in Section [21 the validity of the following log-Lipschitz 
bound on a vector field u over the domain Q 



\u{X) - u{Y)\ < c\\u\\H2in) \X - y\ (- log \X - Y\)^ 
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with I • I the EucHdean norm. This using ([3]) impHes that the difference 
X{t) - Y{t) satisfies 

< c|| \x(t) - y(t)| (- log |A'(() - y(t)l)' 

and therefore for ri{t) = \X{t) — Y{t)\ we have 

r?W<exp(^- (^(log-Ly/-' ^ c j\\Au{T)\\dr^ ^ . 

The uniqueness of the solutions of ^ follows by showing that ri{t) ^ for 
any i G [0, T] as s — > in the above inequality. To do this, we will find a 
lower bound on and an upper bound on ||y4u(T)|| dr as s — )■ and 

show that (log ;^)^/^ blows up fast enough (compared to J* \\Au{t)\\ dr) 

to ensure that ri{t) as s ^ 0. Finding such a bound for /* ||Am(t)|| dr 
is straightforward (Section [4|). To find a bound on ri{s) as s ^ 0, we note 
that by the Sobolev embedding theorem 

^ < \u{X,s)-u{Y,s)\<2\\uis)U^^n)<2\\D'+'^uis)\\. (4) 

In Section [3] we obtain some estimates on weak solutions of the two-dim- 
ensional Navier-Stokes equations which provide an appropriate bound on 
in the above inequality. In fact, we prove that ^||w||^3/2(j7) is 
bounded when Q is a periodic domain. Then using an interpolation re- 
sult it follows that t^^^^"\\u\\H^+<'{n) is bounded for any a £ [0, 1/2] which, 
using ([1]), leads us to an appropriate bound on r/{s). 

In the case of the three-dimensional Navier-Stokes equations, it is known 
that, for uq G H and / € L^{0,T; H^^{f2)), at least one weak solution 
exists. However there is no uniqueness result for these weak solutions. In 
Section [5] of this paper, we will consider the three-dimensional equations 
with the minimal Sobolev regularity of initial condition (uq G H^^^{Q)) for 
which a unique solution is known to exist locally (Fujita and Kato 1964, 
Sohr 2001). For such a solution, we show the uniqueness of corresponding 
particle trajectories as long as a unique solution exists, following the same 
kind of argument as the one used for the two-dimensional case. 



2. Log-Lipschitz bound for the velocity field 

It is known (Kato 1967, Bahouri and Chemin 1994) that a two-dimen- 
sional vector field u satisfies 

\u{X) - u{Y)\ < c\\u\\H2^n) \X - Y\ {- log \X - Y\) 
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for any X,Y & Q. In the following Lemma, assuming that \X — Y\ is suf- 
ficiently small, we obtain a better log-Lipschitz bound on \u{X) — u{Y)\. 

Lemma 1. Let X,Y G H and \X — Y\ < Then a vector field u : 
[0,L]<^ R'^ satisfies 

\u{X) - u{Y)\ < ch||^i+./.(„) \X - Y\ (- log \X - Y\)K (5) 
for some constant c depending on L and d. 
Proof. Let 



L Jo 



In 

with k € M'' be the Fourier coefficient of the vector field, u. Then by Cauchy- 
Schwarz inequality we have 

\u{X) - u{Y)\ <cJ2 - e^'^-y\ |'a(k)| 

1/2 



: c\\u\\fjl+d/2(^Q) E 



vkez 



|g^ik-a; _ g^ik-!/|2 

1 + |k|2+rf 



For any ^ e W^, by the mean value theorem, |e'«-^ - e'^ ^'l < 2\X - y| |^|. 
Therefore, noting that |e'^'^ — e'^'^| < 2, we can conclude that 

|ei«-^ _e'i-2'| <c|X-r|"|er 

for any a € (0, 1). Using this, we can write 

Ig^ik-:, _g^ik.y|2 ^r- k2« 



^ 1 + |kP+'' -^1^ I 1 + Ikp+cf 



- ' ' ^ l + |k|2+d 

kGZ<i ' ' 

/•oo 

<c\X- / (1 + r2+'^)43("-i) ri+'' dr 
Jo 



- 1-a ' ' 



and hence 



\U{X)-U{Y)\ < c '^^T 

V 1 — a 



Since for |X-y| < ^, -1 < 2i^g | ij^_y | < 0, we can let a = 2TS^|i^ + 1. 
Noting that a;i/2'°s^ = e^/^ the result follows. □ 
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The result of the above lemma is also valid for a vector field w in a 
bounded domain J7, as long as the boundary of J? is smooth enough so that 
u has an extension E[u] defined on with E[u] = on M''— i7', for fi' D fi, 
E[u\\n = u and 

l|£^N||ff2(Rd) < C||u||H2(f2) (6) 

(see for e.g. Lemma 6.37 in Gilbarg and Trudinger 2001). The same log- 
Lipschitz bound can then be obtained for u, using the Fourier transform of 
E[u]. 

We now let X and Y be two solutions of fS]) with the same initial condi- 
tion X{{)) = y(0) = a. Then by ([3]) and ([S]), in the case of a two-dimensional 
domain, rj{t) = \X(t) — Y{t)\ satisfies 

5 < \uiX,t) - u{Y,t)\ < c\\Au\\ri i-logij)^ 
at 

which after integration with respect to t gives 

Vit) < exp (^(log -1^)1/2 _ \\Au{t)\\ dr) j . (7) 

If we could show that Au e L^{0,T; H{f2)), we could easily conclude 
from (fT7|) that 7y(t) — > as s — > and the uniqueness of particle trajectories 
over [0, T] would follow. However, to our knowledge, the best result about 
regularity of D^u is due to Lions (1995, theorem 3.9) and states that D^u G 
/:i'°°(0, T; L'^'^ifi)) where L2,1(/2) is the Lorentz space (see Adams 2003, for 
example) and a £ £^^°°(0, T; X) means that ^{||a(i)|| > A} < y for any A > 
and some C > 0, with /x the Lebesgue measure. But this is not sufficient 
for our purposes, because D^u{t,x) = 7(1,0)^ is in C^-°^\0,T; L^^^{n)), 
since (Bergh and Lofstrom 1976) 

\\{l,lf\\L^.i^a) = / t^/'M{a:fi{xef2:l>a}<t} - 
Jo ^ 

-j- dt < 00, 

but obviously it is not in L^(0, T; L^). Moreover for such a velocity field, the 
differential equations ([3]) have more than one solution, since both X{t) = 
and X{t) = -1/logt solve X = t'^^X^ with X{0) = 0. 

We cannot show the above regularity for Au. Instead we show that 
log(l/77(s)) blows up faster than ^ when s — > to show the 

uniqueness result. Meanwhile, in the next section, we show that A^^°-u G 
L^{0,T-H{n)) for any a > 0. We can then prove that if D'-u{0) e H{[2) 
for some e>0, Aue L^{0,T-H {[})). 



As a last remark on the above log-Lipschitz bound, we note that it 
is possible to weaken the _ff^-norm of uit), appearing in the coefficient of 
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the right hand side of ([5]) to for some X D H^{f2), by increasing the 

power of (— log(X — Y)). However if this power is bigger than one, even 
with \\u\\x G L^{0,T), the uniqueness of the solutions of X = u{X, t) would 
not follow. The best we can obtain, keeping the power of (— \og{X — Y)) at 
one, is the following 

\u{X,t)~u{Y,t)\ < \\u\\^.-\X~Y\{~log{X-Yj) 

where 

2 _ i^(k,t)p(i + |kn2 

"'""^^"^"^ (log(e+|kP))^ • 

However, it seems unlikely that ||w|| jLf2-|-j-^^ E L^{0,T) for weak solutions 
of the two-dimensional Navier-Stokes equations. In fact, even for the heat 
equation vt — Av — with vq = v{0) G L'^{f2), we can only show that 
e i^(0,T) for r > 2. Indeed, since |?)(k,t)| = |z)o(k)|e-l''l'*, we 



v\ 



can write ||w||^2-(^^) = Ek l*o(k)pgt(|fc|2) where 

_ jl + xfc-^'^* 
^'^''>- (log(e + x))'-- 

The maximum of gt{x) occurs at a; = ^ — 1 with Cr a constant depending 
on r. Therefore 

which is finite if r > 2. It would be interesting to investigate whether r > 2 
is indeed optimal and also find an example for which j:^2- ^ L^{0, T). 



3. Estimates on the weak solutions in a two-dimensional domain 

Here, for a weak solution of the two-dimensional Navier-Stokes equations 
([2]) with uq € H, we find an upper bound for the blow-up of ||Z)^/2u(t)|| as 
t ^ using the fact that ||D^/2u(t)|j ds is finite. 

For proving the particle trajectory uniqueness result of this paper in 
the two-dimensional case, showing that u € L^{0,T; H^/^{n)) would be 
enough. However we prove a more general result in the following lemma 
and establish that u e L^{0,T; H^+"{Q)) with a £ (0,1) for any weak 
solution of two-dimensional Navier-Stokes equations. We also show that 
u G Li(0, T; H^{Q)) if D^uq G L^{n) for some e > 0. 

Lemma 2. Let u G L°°{0,T;H) n L'^iO,T;V) be a weak solution of the 
Navier-Stokes equations |0j with Uq G H and f G L^{0,T; H). Then u G 
ii(0,r,ffi+"(l2)) For anyae (0,1). 
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Proof. Taking the inner product of ([2|) with D^"u we obtain 

^3^^ + ,.\\D'+"ur < \biu,u,D''^u)\ + 11/11 WD^'^uW. (8) 
For the trilinear form b{u,u, D'^°'u), since 

2 



2 r 

b{u,u,v) = / UidiUjVj dx < 4 || |u| |Z3m| 



we can write 

< c\\u\\'/^Du\n \u\'/^\Du\'^^\D^"u\'/^\D^"u\'/^\\ 

L2/(i- = )(fi) 

since + + ^ + § = 1 ■ By the Sobolev embedding theorem for frac- 
tional spaces (Adams 1975), we have ||it||^2/(i-s)(^) < c||Z?^ii||, and therefore 

|6(u,U,L>2"m)| < c|lu||l/2||i:»u||l/2||£,"^||l/2||£,l+"u||3/2 

< ciWDuf \\D"uf + '^WD'+'^uf 

using Young's inequahty and the fact that ||M(t)||2 < c||uo|P+c ||/(s)||^ds 
ci(uo, /) for almost every t £ [0,T]. We also note that since a < 1, 

\\f\\\\D'-u\\<c\\ff + ^\\D'+-u\f. 

Substituting these into ([5]) yields 

31^^ + ^\\D^+^'u\\^ < ci \\Du\\^ \\D^u\\^ + c||/f 

<c,i\\Dur + \\fr){l + \\D'^u\\Y^'', (9) 

for any /3 > 0. 

We now use the idea behind the method that is used to show the 
L2/3(|0j T; £'(A))-regularity of the weak solutions of the three-dimensional 
Navier-Stokes equations in Temam (1995) and Foias et al (2001). Dividing 
both sides of the above inequality by (1 -I- ||-D"u||2)i+'^ > and integrating 
with respect to t, we obtain 

1 1 



f3{l + \\D"u{0)\\Y I3{1 + ||i?°u(t)||2)/3 



8 



Masoumeh Dashti, James C. Robinson 



Since we have assumed that u(0) has no more than reguah'ity, the first 
term on the left-hand side is zero. The second term is obviously finite and 
since u G L^(0, T; V) we conclude that 

with k ~ 1 + c \\Du\\'^ + ll/lpdt. Now we can write 



In the last inequality we have used the properties of real powers of the 
Stokes operator (Constantin and Foias 1988) to write 

llD^ulp ^ {D°'u,D"u) = {u,D^'^u) < \\u\\ \\D^"u\\. 

If a < ^, taking /3 = 1 in (fTO|) will give the result. If a > i, then we let 
7 = 2a - 1 and write J* \\D'^'^u\\^+^ ds as 



Jo Jo {i + wD-^uW^y-^^ 

<(i\ '",..d; 



+ 



(l-/3)/2 



X (1 + ||7:>Tu||2)"T^ ds 

1+3 l-g l+)3 



If /3 < V5 - 2, ^^i^ < and we can write 



pi+^u||i+^ds<Ci(/3,2) + Ci(/5,2) (^^ ||i?27y||'+^ds^ 

The integral in the last term is again in a form similar to the integral term 
we started with. If 7 < ^ , for 13 = \/5 — 2 the right-hand side is finite and 
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we get the result. If not and 7 > 5, we write 2j — 1 + {2j— 1) and continue 
as before. Repeating the same procedure n — 1 times we obtain 

\\D'+'>u\\^+^ds < CiiP,n) 

+Ci(/3, n) (^J^ pi+(2"-S-(2"-^-i))^||i+,^J,.-i (11) 
and hence 

||L>i+"w|lds < C(/3,7i) 

+C(/3,7l) ^ ||^l+(2"a-(2"-l))y|jl+(^J,„-i d^ 

where C{j3,n) and Ci{P,n) are constants with values depending on /3 and 
n. For any a € (0, 1) there exists an N such that a < ^^tv-^ for which 
the exponent of the weak derivative in the right-hand side of the above 
equation is less than 1. Since /3 can be chosen arbitrarily small, we set 
(3 = (%/5 - 2)^"^ Noting that for a finite N, C{[3,N) < 00, we conclude 
that 

/ /■* 

\\D^+°'u\\ds<C{p,N)+C{(3,N)ij WDufdsj < 00. 
□ 

Another estimate for two-dimensional weak solutions follows from the 
above lemma: 

Corollary 1. Let u e L°°{0, T; H) n L'^{0, T; V) be a weak solution of the 
Navier-Stokes equations (0j with uo G H and f G L^{0, T; H). Then for any 

7 e [1/2,1), 

D^+-'ue L^+^H0,T;L^f2)) 
where (3 < (VS - 2)i^ . 

Proof. Since for any 7 e (0, 1) there exists an n such that 7 < ^^„_7"'^ , the 
result follows from (HI]) if /3 < (V5 - 2)"-^ < (^5 - 2)t^ t^. □ 

This, for example, implies that D^/^u{t) £ L^^^{Q,T;H) when 7 = 
1/2. 

As mentioned in Section[21 ||^w|lLi(o,T;_f/) is bounded if uo E H'^{Q) for 
some e > 0. We use Corollary [1] to prove this: 

Corollary 2. Assume that in the Navier-Stokes equations D'^u^ G L^{Q) 
for some e > and f e L^{0,T;H). Then Au G L^{0,T; H{n)). 
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Proof. We first show that D^u G L°°(0, T; L^{n)) n L^{Q, T; H^{n)). Let- 
ting a = e in ([9]) we can write 

^M^^ + vWD^+^uW^ < c\\Duf WD^uf + c\\ff 

<c{\\Dur+\\fr)ii+\\D^ur), (u) 

which implies that 



and therefore 

\\D'u{t)\\ < k\\D'uo\\, for a.e. t G [0,r] 
where k = cexp (c \\Duf + Wffdty From this and ^ we conclude 

[ \\D^+'u{t)\\^ dt < k\\D'uo\\^ f \\Duf + \\f\\^dt. 
Jo Jo 

We take the inner product of ^ with Au to obtain 

~\\Dur + i^WAuf < c\\DurUu\\ + 11/11 P"ll 



that 



<c\\Duf+c\\fr+'^\\Aur 



and therefore 



^^\\Duf + i.\\Auf<c\\Du\\' + c\\ff 



2\l+a 



<c{\\Dur+\\fr)ii + \\Dur) 

for some a > 0. After dividing both sides by (1 + || 1)^11^)^+" and integrating, 
we obtain 

\\Au\\^ < k 



{l + \\DuPy+'' - a 



Now we can write 
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Since 

llDltf+S" ^ \{DU, Du)\^+'^ = |(D2-£^^^ey)|l+a 

< \\D^-'u\\^+''\\D'u\\^+", 

We have 

||DMf+2"di < ||L'^woir+" / \\D^-''uf+°'dt. 

Jo 

By Corollary [l] if we take a < {Vb - 2)^ , 

i-T 

||£,l+(l-£)y|jl+a < oo 



and the result follows. □ 

Using the result of Lemma [5] we can now show that < k/t for 

some constant k. We note that the results of Lemma[2]and its corollaries are 
valid in a bounded no-slip domain as well. For the following result however, 
we need the domain to be periodic to be able to write Au — ~Au when 
u e D{A) and obtain an appropriate estimate for the trilinear form. 

Lemma 3. Let u e L^{0,T;H) n L'^{0,T;V) he a weak solution of (0j in 
a periodic domain Q with uq £ H and f G L°°[0,T]H^^^[Q)). Then 

t\\D'^^^u{t)\\<k (13) 

where the constant k depends on = + [[^^(i)!!^) dt. 

Proof. We take the inner product of ^ with A'^/'^u to obtain 

iAp3/4u||2 + j.p5/4y||2 = + (/, (14) 

Letting A'^^'^u ~ v and noting that for v £ DiA), Av = —Av in a periodic 
domain, we can write 

2 

b{u, u, A'^^^u) = {u ■ Vu, — Av) — / Ui diUj dkdkVj dx 

= — / Ui diUj dkVj dx + / dkUi diUj dkVj dx 

2 

zli I dkdiUj dkVj dx. 
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In the above equation the integral over boundary vanishes because of peri- 
odic boundary condition. Since for a two dimensional domain J?, H^/^{Q) C 
L'^{[2) we have 



2 

/ dkUi dtUj dkVj dx 



i,j,k=l 



< \\Du\\ \\DuD^i\\ < \\Du\\ \\Du\\L^a)\\D^u\\L^a) 
<c\\Du\\\\D'+'/^u\\\\D^+'/\ 



<c\\Du\\^\\D'/^u\\^ + j\\D''^^u\\^ 
where we have used Young's inequality in the last line, and 

2 



i,j,k—l 



/ Mi dkdiUj dkVj dx 

< \\D^u\\ \\uD\\ 
<c\\D^u\\ \\D^^^u\\ \\D^^^u\ 



n 

^ II 7^2 II II 7^2 II ^ II 7^2 ,, , ,_ , 



< IID^mII IImD^II < llD^ull WuWtmo^ WD'^uW 



Since 

\\D^uf = {Au,Au) = {D^^^u,D^/'^u) < \\D^^'^u\\ \\D^/'^u\\ 
and in a similar way ||Z3-'^/^m|P < ||u|| HI^mII, we conclude that 



/ dkdiUj dkVj dx 
A 1,-1 Jn 



< c||m||1/2 p3/2^|,l/2 ||255/2y||3/2 

<c\\u\\^\\Du\f\\D'^\f+'^\\D^/M^ 



Going back to ((22l) and noting that 



we can now write 

^^\\A'/\r < c\\ur\\Dur\\AyM' + cF'. 

Since for the weak solutions of the two-dimensional Navier-Stokes equations 
Vt \\Du{t)\\ < K (Tcmam 2001), we conclude that 

^||A3/4.||2<,^L±Z! (1,^3/4^1,2 + 1). 

Integrating with respect to t, we obtain 
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where ^2 — c{ki + F'^), which impUes that 



< (l + ||i?3/2^(s)|P) < (l + p3/2y(s)||)2, 

and therefore 

Integrating with respect to s this time, between and t and using Lemma 
[21 we can write 

^— (1 + \\D^/Mt)\\) < r 1 + \\D'^Ms)\\ ds < cK'/^"" + T, 

2 + K2 Jo 

and the result follows. □ 

It follows from the above lemma and the interpolation result for Sobolev 
spaces (Bergh and Lofstrom 1976, theorem 6.4.5) that 

\\D^+°'u\\ < c\\Du\\^-'^"\\uf°' 

/I n1-2q/1n2q 1 
<C(^) - = c- 



Therefore t^+°'u € i/i+"(i7) for a e [0, i]. 



4. Uniqueness of the particle trajectories in a two-dimensional 

periodic domain 

Now we can prove the main result of this paper: 

Theorem 1. Let u G L°°{0,T;H) n L'^{0,T;V) be a weak solution of the 
two-dimensional Navier- Stokes equations 

dw 

-\- vAu + B{u,u) = f , with u(0) = ito (15) 

in a periodic domain Q with uq £ H and f £ L°°(0, T; iJ^/^ (/?)). 
Then the ordinary differential system 

=u(X{t),t), with X(0)^a, (16) 

at 

has a unique solution. 
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Proof. We denote by X{t) and Y{t) two solutions of ^ with the same 
initial condition X{0) = Y{0) = a. Then using Lemma [T] and following the 
discussion in Section [21 ri{t) = \X{t) — Y{t)\ satisfies 

— <\u{X,t) - u{Y.t)\ < c\\Au\\Tj{-\ogr])i , with 77(0) = 
at 

as long as \X{t) — Y{t)\ < A=. Integrating the above inequality with respect 
to t, we obtain 

Vit) < exp (^(log-iy)i/2 „ cj' \\Auir)\\ dr) j . (17) 

We first find an estimate for the integral in the right-hand side of the 
above inequality. Taking the inner product of (jlSp with Au we obtain 

^±\\Dur+,,\\Aur < if,Au)<'-\\fr+^\\Aur 

and therefore 

^^\\Duf + i^WAuf < c\\ff <c\\ff (1 + \\Duf) 
Dividing both sides by 1 + ||-Dm(<)|P and integrating yields 

— dr < c loe h c 

This leads us to 

We need now to obtain a lower bound on the blow-up of log as 
s — )■ 0. By the Sobolev embedding theorem we have 

^ < \u{X,s)~u{Y,s)\ < 2||u|U^(„) < c\\D^+'/Ms)\l 
From Lemma [3] we can write 

\\D^+^^Ms)\\^ = {D^/^uis),Duis)) < \\D^/^u{s)\\\\Du{s)\\ < 
Therefore 

which after integrating over (0, s) implies that 

r,{s)<ks^/^. (19) 
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Now by (Ull) and (HH) we have 



ri(t) < exp 



V 



/ 



-(log 



l-cK 



\ 



i+l|z5«(t)l|2 



1/2 > 



By (ITn|) and since -^s ||Du(s)|| < K (Temam 2001) we can write 



lini 



log 



l+||Dti(s)||- 
l+\\Du(t)\[- 



1/2 



< lim 



c log s ^ 
^'o V logs- 1/4 



1/2 



= 2c 



which implies that 



'qit) < exp - lim(log— -)2 (1 - cK) 
V ?7(s) 

where the constant c depends only on ly and the domain i7. There exists a 
small enough T* such that 



T* 



(l + |lDuf)dr< l/c2 



and 



77(T*) < fcT*^/"* < — . 



Noting that log(l/?7(s)) ^ oo as s ^ 0, we conclude that ri{t) ^ for i e 
[0,T*]. For the two-dimensional Navier-Stokes equations ([TS]) with u(0) G 
L2(/?), e i^(e,T) for any e > (Temam 2001). Having r]{T*) = 

and Pull G L^{T*,T), it follows that for i G [0,T] from ini). □ 



5. Particle trajectories for the three-dimensional Navier-Stokes 

equations 

It is known that for the three-dimensional Navier-Stokes equations 
dii 

— + vAu + B{u,u) = f, with u(0) = uq, (20) 

with uo G H^{f2) and forcing function / sufficiently regular, a unique so- 
lution u G L°^{Q, T; D{A^)) n L'^{Q, T; D{Ai)) exists for T' depending on 
II-D2U0II and ||/||L2(o,T;i/) (Fujita and Kato 1964). In this section, for such a 
solution u, we show the uniqueness of the solution of the differential system 



=u{X{t),t), with X(0) = a, 

at 



(21) 
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following an approach similar to the one used in the two dimensional case, 
when u was a weak solution. We note that the existence of at least one 
continuous solution of the differential system ([2T|l is known (Foias et al 
1985). 

We consider X{t) and Y{t) two solutions of and \et -qlt) = \X -Y\. 
From Lemma [T] we have 

for s < t < T' and as long as |X — y| < e~^/^. Here also, to our knowledge, 
the L^(0, T'; _D(yl3 ))-regularity of a strong solution of equations (|20|) . with 
uq only in D{A~), cannot be shown. Therefore, we find an estimate for 77(5) 
as s ^ and compare it with the blow-up of y/.^5/2') when s 0. 

Since ry(s) < 2||w(s)||ioo(i7') < c\\D^^^^°'u{s)\\ for some a > 0, and when 
< a < 1/2, ||D3/2+"u(s)|| can be bounded in terms of \\D^/'^u{s)\\ and 
II Alt (s) II, wc first find an estimate for these last two: 

Lemma 4. Let u e L°° {0,T' ] D{A^)) n L^{Q,T'\D{AI)) he a solution of 
the Navier-Stokes equations with uq G H'^/'^{fl) and f G L°°(0,T';F) 
over a three-dimensional periodic domain Q. 

Then i) u e 1^(0, T'; H'^), ii) Vt\\D^u\\ < ci, and Hi) t\\Au\\ < C2 for 
some constants c\ and 02- 

Proof, i) We take the inner product of ([20|) with Au to obtain 



ld\\D 



|2 



dt 



v\\Au\Y < \b{u,u,Au)\ + 11/11 ||Au|| 



2 , 4. ,112 



< \\Dup\\Au\\2 +c||/||^ + -\\Au 
<c\\Duf + c\\fr + ^\\Aur 



and therefore 



dll^^^ll' , .,„ ..,,,2 ^ nin„,l|2 , II .112^/1 , ||n„,l|2^2 



dt 



+ ,y\\Aur<i\\Dur + \\fr)il + \\Du\\ 



Dividing the above inequality by (1 + ||-Du|p)^ and integrating with respect 
to t, yieds 

1 1 



|i^u(0)||2 l + pu(T')||2 



\Mt)\\ 



(l + pu(i)||2)2 



dt<C (||i^«(t)||^ + ||/(t)||^)dt. 



Hence 



{i + \\Du{twr - ■ 
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Since 



/ \\Du\\'^At< / \\D'^uf\\D'iufAt 
Jo Jo 







we conclude that 



\\Au\\ 



T' 



ii) We take the inner product of ([201) with A^u to obtain 

l^^^^^ + i^\\Aiuf<\biu,u,A^u)\ + \\Aif\\\\A'^u\l (22) 
Since we have assumed the domain to be periodic we can write 

\b{u,u,A^u)\ < II |m| \D\\ \D^u\ Wl^o) + II \Du\ \Du\ \D^u\ 11^0)- 

By the Sobolev embedding theorem (Adams 1975) we have iJ* C L^-^" and 
therefore 

\\uD^uD^u\\Li(n) < ||u||L8(r2)||£'^w||^Jja(^^j||£'^w||^J#(^) 

< ||L>m|| llDtulp < ||L»u|| IIdIwII ||L»2u|| 

< \\Du\\^ \\Diu\\^ WD^uW 

< c\\Diuf\\D^u\\^ + ^\\D^u\\^ 

o 

and 

\\DuDuD^u\\mi2) < ||-DM||L3(r2)||£'M||L3(f2)||^^?i||L3(J7) 

< \\D'^u\\^\\Diu\\ < C||i:>3u||4+ ^||£)|^^||2^ 



Hence, the inequality ([22)1 can be written as 

+ ,,\\A-^u\\' < c (1 + p^^,||2 + ||i?^/||2) (1 + \\D^u\\y (23) 

which after dropping i^||j43ii|p and integration, yields 
1 1 



1+ ||i:i5u(s)||2 l + ||Dtu(t)||2 

<C [ (1 + p^ulP + ||D3/||2) di < c(i-s) 
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and therefore 

l + \\Diu{t)\\ 



< 1 + \\D^u{s)\\ 



l + c{l + \\D^u{tW){t-s) 
Integrating the above inequahty with respect to s we obtain 

\og{c{l + \\Diu{t)\\^)t + l) < f\l + \\Diu{s)f)ds < C 



which imphes that < 

iii) Now we take the inner product of with and obtain 

+ ^WA^ur < \b{u,u,A'u)\ + \\Df\\ \\Ah\\. 
Since the domain is periodic we can write 

\b{u,u,A^u)\ < WDuDuD^Wmn) + \\uD^uD\\\Li(f2) 

< \\Du\\Lei^n) pu||L3(f2) \\D\\\ + \\u\\Lei^n) \\D^u\\mn) \\DM 

< \\D^u\\ \\D^u\\ \\D^u\\ + \\Du\\ \\D^^u\\ \\D\\\ 

< c\\Auf \\D^uf + '^\\D\j.f + \\D^u\\i \\Dhi\\i \\D^u\\ \\Diu\\^ 

< c\\Auf WD^^uf + c\\D^u\\^ \\D^uf \\Auf + v \\D'^uf 
and therefore conclude that 



A\\Au\\^ 
dt 



< 



c ((1 + \\B-^uf) \\dM? + P/ll') (1 + Uuf) 



<\{\^\\Auf) 
since t \\Dt.u\^ < c. Integrating this, yields 

i + \\Au{t)r ^ , t 



(^Y {l + W Au{t)\\) < l + \\Au{s) 



and therefore 



V2 \t, 

We integrate the above inequality with respect to s to obtain 

t [l + W Au{t)\\) < c f {l + \\Au{s)\\)ds <C2 
Jo 

which implies that < ^. □ 

Now using the results of Lemma [T] and 3] we can prove the uniqueness of 
the particle trajectories: 
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Theorem 2. Let u e L°°{0,T'; H2 {{2)) n L^{0,T'; Hi (H)) be a strong so- 
lution of the three-dimensional Navier-Stokes equations 

— + i^Au + B{u, u) = /, with u{Q) = uq (24) 

in a periodic domain fi with uq G i?^(J7) and f G L°°{0, T'; V). 
Then the ordinary differential system 

^u(X(t),t), with X(0)^a, (25) 

at 

has a unique solution. 

Proof. We divide the inequality ((23l) . obtained in part (ii) of LemmalU by 

1 + II I? 2 u II 2 and then integrate it with respect to t and obtain 

* , , l + \\D^u{s)\\^ 
— ^ dr < clog ^ — 3 ^ + cM^ 

l + ||i:iiu||2 - l + \\Dlu{tW 

where — (1 + ||I?5u||2) dr. This then implies that 

^,.Md.,(/J||^d.)'(/V.P^^^^^^ 

< CM flog i^^i«V+cM^. (26) 
''l + \\D^u{tW J 

Now letting v = A^u, from above and Lemma [1] and U] we have 

df? ,1^,1 / , N 1 
— < c Av r]{- log Tj) 2, 
as 

ti+'\, e H^+°'{n) forae[0,i] 



and 



\\Av\\ dr < cM ^log Y 



i + ||i:'u(s) 



2 \ 2 



\Dv{tW 



Therefore following the same approach as that of the proof of theorem [1] 
we conclude the result. □ 

We note that, when u e L°°{0, T; D{A^^^))nL'^{0, T; D{A^^^)) is a solu- 
tion of the three-dimensional Navier-Stokes equations ((20|) with uq S D{Ai ) 
and / e L^{0,T-H^Q)), it can be shown that u G L^{0,T'; Hi+^iH)) for 
a < 1, using a similar approach to that of Lemma [21 
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6. Conclusion 

We have shown the uniqueness of the particle trajectories corresponding 
to a weak solution of the two-dimensional Navier-Stokes equations over a 
periodic domain with square integrable initial condition. We also consid- 
ered the three-dimensional Navier-Stokes equations with minimal Sobolev 
regularity of the initial condition for which the existence of a local unique 
solution is known. For such solutions we showed the uniqueness of the cor- 
responding fluid particle trajectories using the same kind of argument as 
that of the weak solutions of the two-dimensional case. 

We restricted these uniqueness result to periodic domains, because in 
the absence of boundaries the Leray projector commutes with the Lapla- 
cian and we could obtain appropriate estimates for the trilinear form which 
we needed in Lemma [3] to show that t||M(t)||^3/2 < c for two-dimensional 
weak solutions and in Lemma|4]to prove that is bounded, for the 

local strong solutions of the three-dimensional equations. It would be inter- 
esting to know if these result can be extended to the more practical case of 
bounded no-slip domains. However, we note that the estimates of Lemma[2] 
and Corollary [Hand [2] are valid in a bounded domain as well. 

Two further generalizations regarding the estimates for the weak solu- 
tions of the two-dimensional Navier-Stokes equations, seem interesting to 
investigate. We proved in Lemma[3]that < c for some finite con- 

stant c. It might be possible to show that t|| is bounded since by Lemma 
[21 \\Au\\ S L"(0,T) for any a < 1. Moreover, in Section [2| we defined the 
-ff^^-norm as a slightly weaker norm than the ff^-norm and showed that 
||ti||j:^2- e L^{0,T) for V the solution of the two-dimensional heat equa- 
tion in a periodic domain, and when r > 2. It would be interesting to see 
if for u, a weak solution of the two-dimensional Navier-Stokes equations, 
||M||jLf2- G L^(0,r) for some r > 0. If this is true, it would improve the 
estimate of Lemma [2] in the case of periodic domains. 
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